Abstract. We present several su cient conditions for exponential stability and dichotomy of solutions of the evolution equation u 0 (t) = A(t)u(t) ( ) on a Banach space X. Our main theorem says that if the operators A(t) generate analytic semigroups on X having exponential dichotomy with uniform constants and A( ) has a su ciently small H older constant, then ( ) has exponential dichotomy. We further study robustness of exponential dichotomy under time dependent unbounded Miyadera-type perturbations. Our main tool is a characterization of exponential dichotomy of evolution families by means of the spectra of the so-called evolution semigroup on C 0 (R; X) or L 1 (R; X).
Introduction and preliminaries
Exponential dichotomy is one of the fundamental asymptotic properties of solutions of the linear Cauchy problem (CP ) d dt u(t) = A(t)u(t); t > s; u(s) = x in a Banach space X. It also plays an important role in the investigation of qualitative properties of nonlinear evolution equations such as linearized (in-)stability or the existence of center manifolds, see e.g. 8, 12, 19, 32] and the references therein.
In the autonomous case, i.e., A(t) A, exponential dichotomy is charcaterized by the Moreover, it seems to be rather di cult to nd assumptions on unbounded operators A(t) which imply exponential dichotomy of (CP). In fact, to our knowledge the results in the literature are mostly restricted to exponential stability and to robustness of dichotomy, see the references below.
In our paper we present several su cient conditions for exponential stability and dichotomy of (mostly parabolic) evolution equations. In Section 2 and 3 it is proved that exponential stability and dichotomy, respectively, of the semigroups (e A(t) ) 0 with uniform constants imply the same properties for the solutions of (CP) provided that A( ) does not oscillate too much. Similar criteria for exponential stability can be found in, e.g., 7, 8] for bounded A(t) and in 2, 10, 12, 35] for parabolic equations, see also 21] and the references therein. Our results in Section 2 are consequences of a general approximation theorem for evolution families, Theorem 2.1. For exponential dichtomy, our main Theorem 3.7 is similar to known results for bounded operators A(t), 3, 7] , and for delay equations, 18], but it seems to be the rst theorem of this type for parabolic equations. We also refer to 19, x6.3] and the references therein concerning periodic parabolic equations, where the monodromy operator can be used. Further, in Section 4 we study robustness of exponential dichotomy. In view of the vast literature on this topic let us only mention 7, 8] for bounded A(t), 5, 15, 16] for bounded perturbations, and 6, 12, 17] for certain unbounded perturbations. We (partially) extend these results to time dependent Miyadera perturbations. In Example 2.4 and 3.8, our results are applied to parabolic partial di erential equations.
Our approach is based on the use of evolution semigroups which we introduce now.
Throughout let I 2 fR; R + g. Further, J R denotes a closed interval, and X is a Banach space. We set D J = D := f(t; s) 2 J 2 : t sg. Let J 0 := J n inf J, where R 0 = R. A family U = (U(t; s)) (t;s)2D in the space L(X) of bounded linear operators on X is called evolution family if (E1) U(s; s) = Id, U(t; s) = U(t; r)U(r; s) for t r s in J and (E2) the mapping D 3 (t; s) 7 ! U(t; s) is strongly continuous.
Notice that a C 0 {semigroup (e tA ) t 0 yields an evolution family U by setting U(t; s) := e (t?s)A for (t; s) 2 D R . We say that an evolution family U on X solves the Cauchy problem (CP) on spaces Y s , s 2 J, (or that (CP) is well{posed) if Y s is dense in X, U(t; s)Y s Y t D(A(t)) for (t; s) 2 D, and u = U( ; s)x 2 C 1 (J \ (s; 1); X) is the unique solution of (CP) for x 2 Y s . We remark that this concept of well{posedness could be formulated in terms of solutions of (CP) only, cf. 23].
The exponential growth bound !(U) of an evolution family U is given by !(U) := inffw 2 R : there is M w 1 with kU(t; s)k M w e w(t?s) for (t; s) 2 Dg: The evolution family U is called exponentially bounded if !(U) < 1, and U is exponentially stable if !(U) < 0. Observe that !(U) = ?1 if J is compact. Exponential dichotomy (or hyperbolicity) is introduced in De nition 3.1.
Let U be an exponentially bounded evolution family on X with index set D J . Consider the Bochner{Lebesgue spaces L p (J; X), 1 p < 1, and the space C 00 (J; X) of continuous functions f : J ! X vanishing at inf J and at in nity (if J is unbounded) endowed with the sup{norm k k 1 . We write C 0 (R; X) instead of C 00 (R; X). On 2. Exponential stability In the sequel, we prove an approximation theorem for evolution families which implies several su cient conditions for exponential stability of the solutions of (CP). We assume the well{posedness of the Cauchy problem (CP) given by linear operators A(t) on X which satisfy the following assumptions.
(A) (A(t); D(A(t))) generates a C 0 {semigroup (e A(t) ) 0 on a Banach space X with ke A(t) k Me w(t) for t 2 I, 0, a constant M 1, and w 2 C(I; R). The mapping J 3 t 7 ! R( ; A(t)) is strongly continuous for > max J w, where I 2 fR; R + g and J I is an arbitrary compact interval.
Notice that by considering A w (t) := A(t) ? w(t) with D(A w (t)) := D(A(t)) we may assume w = 0 in (A for a bounded region R n and the (formal) di erential operator A(t; ; D) = P n k;l=1 @ k a kl (t; ) @ l ; where @ t = @ @t , @ k = @ @ k , and the coe cients a kl are real-valued, symmetric, uniformly elliptic and belong to C (R + ; L 1 ( )) for 1 2 < For simplicity, we now let w = 0 in (A). The norms kxk t := sup 0 ke A(t) xk are natural candidates in order to check condition (2.5). Thus (2.7) is veri ed. We can replace the Lipschitz condition in Proposition 2.5 by an estimate for the resolvents R( ; A( )) in the so-called parabolic case, where one assumes that the operators (A(t); D(A(t))) generate bounded analytic semigroups of type ( ; K). This means that D(A(t)) is dense, f0g (A(t)), and kR( ; A(t))k K j j for 2 = := f 2 C n f0g : j arg j < g and constants K 0 and 2 < . We say that A is of type ( ; K; w) if A w = A ? w is of type ( ; K) for some w 2 R. Corollary 2.6. Let A(t), t 2 I, be generators of bounded analytic semigroups of the same type ( ; K). Suppose Our approach is based on the following characterization of hyperbolic evolution families. Di erent proofs of (parts of) the theorem can be found in, e.g., 14, 15, 16, 29, 30, 31] . Versions of the result for I = R + are shown in 22] and the references therein. We set ? := f 2 C : j j = 1g. Theorem 3.2. Let I = R and U be an exponentially bounded evolution family on X. Let T be the induced evolution semigroup on E = C 0 (R; X) or L p (R; X), 1 The theorem implies uniqueness of the dichotomy projections P( ) if I = R. For an invertible evolution family this fact can be proved directly, cf. 8, p.164]. Corollary 3.3. Let I = R and U be an exponentially bounded, hyperbolic evolution family on X. Then the projections in De nition 3.1 are uniquely determined by (a){(c). If U is given by a C 0 {semigroup (e tA ) t 0 , i.e., U(s + t; s) = e tA for s 2 R and t 0, then P( ) P.
Proof. Given an exponentially bounded, hyperbolic evolution family U on X with projections P(t), we de ne P = P( ) on E = C 0 (R; X). By condition (a), P commutes with the hyperbolic evolution semigroup T(t) on E, and hence with the spectral projection Using H older estimates for A( ), we will be able to derive the hyperbolicity of U from the hyperbolicity of (e A(t) ) 0 . To that purpose, we introduce the following hypotheses. In the sequel, we will assume I = R and omit the \hats". We remark that the second assumption in (ED) is a consequence of (P1) and the rst sentence of (ED). Let us indicate one way to determine , see also Example 3.8. It follows from, e.g., 27, (2.5.13)] that an analytic semigroup (e tA ) t 0 of type ( ; K; w) satis es kAe tA k C t for 0 < t 1 and a constant C only depending on K; , and w. Hence, if (e tA ) t 0 is hyperbolic with a projection P and constants N; > 0, then kAe tA Pk CN t for 0 < t 1 Proof. By rescaling, we may assume that w = 0 in (P1 By the symmetry of (G), see Theorem 3.2, this implies (? ; ) + iR (G). Now, using rescaling and Theorem 3.2, one sees that the evolution families (e 0 (t?s) U(t; s)) t s are hyperbolic with exponent 0 0 < and the same projections P(s).
Our result can be applied to the following situation. 
Robustness of exponential dichotomy
In this section we show robustness of exponential dichotomy of an evolution family under time dependent Miyadera type perturbations by means of the spectral characterization provided by Theorem 3.2. Given an exponentially bounded evolution family (U(t; s)) (t;s)2D on X with I 2 fR; R + g, we make the following assumption on linear operators B(t), t 2 I, on X.
(M) (B(t); D(B(t) We now assume that U has exponential dichotomy with projections P(s) and constants N; > 0. If I = R + ; we extend U to the time interval I = R. To that purpose set R := Q(0) ? P(0) = Id ? 2P (0) and U(t; s) := U(t; s); t s 0; U(t; 0)e ?s R ; t 0 > s; e (t?s) R ; 0 > t s; cf. 4, p.109]. This de nes an hyperbolic evolution familyŨ on X with the same constants N; and projectionsP(t) := P(t) for t 0 andP(t) := P(0) for t 0. Further, suppose that (M) holds for U and operators B(t), t 0. LetB(t) := B(t) for t 0 andB(t) := 0 for t < 0. Then (M) is satis ed forŨ andB( ).
Since B(t)U Q (t; s)Q(s)x = B(t)U Q (t; r)Q(r)y for y = U Q (r; s)Q(s)x and r s, we see that B( )U Q ( ; s)Q(s)x 2 L 1 loc (R; X) for x 2 X and s 2 R. Using this fact, we can now formulate our robustness theorem. For bounded perturbations our approach was already 12 used for < 1 and b := P + Q if = 1. If b < 1, then the perturbed evolution family U B is hyperbolic.
Proof. Using the extension introduced above, we may assume I = R. Let G be the generator of the evolution semigroup T on E = L 1 (R; X) induced by U and B = B( ) be multiplication operator on E with maximal domain. Notice that B is closed. The operator G is invertible by Theorem 3.2 with corresponding spectral projection P = P( ). Set Q = Id ? P and denote by T P (t) and T Q (t) the restrictions of T(t) to PE and QE, which is (4.6). For = 1 the assertion follows in a similar way.
We give some applications of Theorem 4. and m k n. 16 (c) The space Y := ff 2 \ k2N D(A k ) : sup k2N kA k fk < 1g endowed with the norm kfk Y := maxfkfk; sup k kA k fkg is continuously and densely embedded in X. We remark that the rst example can easily be changed into sup 0 t<t 0 kU(t; 0)k = 1 for some 0 < t 0 < 1, see 25] . Further, observe that the proofs of Example 5.2 and 5.3 yield the following result: For each given sequence (c n ) R + there are operators A(t), t 0, ful lling the assumptions stated below such that the corresponding evolution family satis es kU(n + 1; n)k c n for n 2 N. Example 5.2. There is a family (A(t)) t 0 of generators of commuting, positive C 0 { semigroups (e A(t) ) 0 on X such that ke A(t) k M and Y D(A(t)) for t; 0, A( ) 2 C 1 b (R + ; L(Y; X)), the corresponding Cauchy problem (CP ) is well{posed on Y , and s(A(t)) = ?1, t 0, except for a sequence (t k ) where A(t k ) = 0. However, the corresponding evolution family U satis es !(U) = 1. e a k A n;k N n (5.2) for a constant N 2 (1; M), where l and m are chosen such that t l = n and t m = n+1. Now set A(t) := k (t) A n;k for t k?1 t < t k and n < t k n + 1. Clearly, the corresponding Cauchy problem (CP) is well-posed, and the solving evolution family (U(t; s)) t s 0 is given as in (5.1). However, from (5.2) follows that kU(n + 1; n)k N n :
